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Abstract

In this work, we report a lattice calculation of xz-dependent valence pion generalized parton
distributions (GPDs) at zero skewness with multiple values of the momentum transfer —¢t. The
calculations are based on an Ny = 2 + 1 gauge ensemble of highly improved staggered quarks
with Wilson-Clover valence fermion. The lattice spacing is 0.04 fm, and the pion valence mass is
tuned to be 300 MeV. We determine the Lorentz-invariant amplitudes of the quasi-GPD matrix
elements for both symmetric and asymmetric momenta transfers with similar values and show the
equivalence of both frames. Then, focusing on the asymmetric frame, we utilize a hybrid scheme
to renormalize the quasi-GPD matrix elements obtained from the lattice calculations. After the
Fourier transforms, the quasi-GPDs are then matched to the light-cone GPDs within the framework
of large momentum effective theory with improved matching, including the next-to-next-to-leading
order perturbative corrections, and leading renormalon and renormalization group resummations.
We also present the 3-dimensional image of the pion in impact-parameter space through the Fourier

transform of the momentum transfer —¢.
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I. INTRODUCTION

Since its discovery in 1947, the pion has been the subject of intense research, recognized
for its dual identity as both a Goldstone boson linked to chiral symmetry breaking and
a QCD-bound state. Over the years, substantial efforts have been dedicated to studying
its internal structure by analyzing experimental data. Key methodologies have involved
extracting form factors (FFs) through the pion-electron scattering [1] and discerning parton
distribution functions (PDFs) via the Drell-Yan process [2]. However, these approaches
are limited to revealing only the one-dimensional structure of the hadron. For a more
comprehensive, three-dimensional perspective, the focus has shifted to generalized parton
distributions (GPDs), a concept introduced in the 1990s [3—6]. Access to GPDs is typically
gained through exclusive reactions, notably deeply virtual Compton scattering [6] and deeply

virtual meson production [7, 8].

Presently, a series of experiments are being conducted or planned, which can enrich our
understanding of the pion internal structure. Prominent among these are the JLab 12
GeV program [9], the Apparatus for Meson and Baryon Experimental Research (AMBER)
at CERN SPS [10], the forthcoming Electron-Ion Collider (EIC) at Brookhaven National
Laboratory [11], and the Electron-Ion Collider in China (EicC) [12]. These initiatives are
designed to probe the pion structure in various kinematic regimes. However, extracting
GPDs from experimental data is fraught with challenges, including the chiral-odd nature
of certain distributions, such as the transversity GPDs, and the complexity involved in
pion production. On the other hand, lattice QCD results, offering complementary insights
and potentially guiding experimental efforts, are highly sought after. The advent of Large
Momentum Effective Theory (LaMET) [13-15] in 2013 made it possible to directly calculate
the Bjorken-z dependence of the parton distributions, extending the scope of GPD studies
beyond just the first few Mellin moments [16-25]. This spurred a flurry of lattice research on
nucleon and meson GPDs [26-34] based on the quasi-distribution (see reviews in Refs. [15,
35]), which is defined in terms of matrix elements of non-local operators involving quark and
antiquark fields separated by a spatial distance, rather than a light-cone distance, and thus

is calculable on the lattice.

While there are several lattice QCD studies of the nucleon GPDs [27-31, 33, 34], including
a few based on alternate methods [36-39], there have been limited LaMET calculations of the
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pion GPDs [26, 32]. Traditionally, GPD calculations are conducted in the Breit (symmetric)
frame, requiring the momentum transfer to be symmetrically distributed between the initial
and final states. However, this approach incurs substantial computational costs. Recently,
a frame-independent method was proposed to extract GPDs from lattice calculations in an
arbitrary frame [30]. This innovative approach holds the potential to significantly reduce
computational expenses by working in a non-Breit (asymmetric) frame where the initial or

final state momentum is fixed.

Two crucial aspects of obtaining the light-cone parton distributions from the lattice cal-
culations are the renormalization and matching process. The GPDs and quasi-GPDs (qG-
PDs) are typically defined in different renormalization schemes. For the qGPDs extracted
from the lattice analyses, renormalization is required to eliminate the ultraviolet (UV) di-
vergences stemming from the Wilson line. Commonly employed renormalization methods
include the regularization-independent momentum-subtraction (RI/MOM) [40-43] and var-
ious ratio schemes [44-48]. However, these methods adhere to a factorization relation with
the light-cone correlation only at short distances. At long distances, they introduce non-
perturbative effects [49], which will impact the qGPDs through the Fourier transform of
the matrix elements, thereby affecting the LaMET matching results in Bjorken-x space.
To overcome this issue, in this work, we use a hybrid-scheme renormalization [49]. The
key point of this scheme is to renormalize the matrix elements at short and long distances
separately, which can remove the linear divergence at long distances without introducing

additional nonperturbative effects.

Furthermore, we match the qGPDs in the lattice renormalization scheme to the light-cone
GPDs in the MS scheme through LaMET [50-53]. During this process, the accuracy of the
perturbative calculation plays a significant role in the precision of the final GPD results. In
the zero-skewness limit, the matching kernel of GPDs is the same as the one for PDF's [51],
which has been derived up to the next-to-next-to-leading order (NNLO) [47, 54]. We also
utilize renormalization group resummation (RGR) [55, 56] to resum the small-z logarithmic
terms. Additionally, we consider leading-renormalon resummation (LRR) [57, 58], which can
remove the renormalon ambiguity in the Wilson-line mass matching, to eliminate the linear
power corrections [58]. Therefore, we achieve a state-of-the-art calculation of the valence
pion GPDs using an adapted hybrid-scheme renormalization, along with the implementation

of the combined NNLO+RGR+LRR matching.



In this study, we present our lattice calculations of the valence pion GPDs using the
LaMET approach, featuring a very small lattice spacing of 0.04 fm within the non-Breit
frame. The organization of this paper is as follows: In Section II, we review the definitions
of pion GPDs and qGPDs in an arbitrary frame, outline our lattice setup, and describe
the methodologies employed to extract the matrix elements from the combined analyses
of the two-point and three-point correlation functions. In this section, we also detail the
renormalization procedure of the qGPD matrix elements in the coordinate space using the
hybrid scheme and discuss the challenges of performing the Fourier transform to get the
qGPDs. Subsequently, we apply the LaMET matching approach to derive the valence light-
cone GPDs in Section III. This section contains our main results, including the sensitivity
of our results to the perturbative accuracy of the matching and the dependence on the

renormalization scales. Finally, Section IV provides a summary of our findings.

II. VALENCE PION QUASI-GPDS IN ASYMMETRIC FRAME ON THE LAT-
TICE

A. General considerations

Our goal is to calculate the valence pion GPDs in an asymmetric frame using the frame-
independent approach laid out in Ref. [30]. For this, we consider the following non-local

iso-vector matrix element
M*(z, P, A) = (x(P))|O" (2)|x(P")), (1)

where 1 = (t,z,y, z) represents the Lorentz indices, P’ and P/ are the initial and final
momenta of the pion, respectively, P = (P’ + P7)/2, A = P/ — P!, and

1

0% (2) = 5 [a(—fww,i su(Z

W gu(l) — A=W g (5] )

2 2

where W_z = is the Wilson line that connects the quark and antiquark fields, ensuring the
gauge invariant of the matrix element. Here, we use the following normalization of the pion
states (m(P)|m(P')) = E,(27)36*(P — P’). Following Ref. [30], we write the matrix element
in terms of the Lorentz-invariant amplitudes A;(z- P, z- A, A2, 2?) for i = 1,2, 3, as follows:

M”(z, P, A) = PuAl + miZHAQ + A“A:g. (3)
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The coordinate space light-cone valence pion GPDs H is usually defined in terms of
M*(z,P,A) as M*(z, P,A) = P*H(z, P,A), i.e. the momentum space light-cone GPDs

1s written as

dz= . _ _
H(z,&,t) = P / - (CRIN) (4)
7r
where the skewness parameter £ = —AT /(2P*) and t = A% However, it is possible to define

the light-cone GPDs in a frame-independent, i.e., Lorentz-invariant way [30] as

Z .

_ _ A _
Hy(z- P,z AA%0) = Ay(z- Pz A A% 0) + PAg,(z P,z A A%)0). (5)

Motivated by this, the Lorentz-invariant definition of qGPDs can be written as

A _
- SAy(z- Pz AA% ) (6)

j-VILI(z Pz AAYL ) = A2 Pz AA? 2 +

This is a natural choice for the qGPDs because in the light-cone limit 22 — 0, it should be

equal to the light-cone GPDs up to the leading order in «

lim Hyg(z- P,z AA% 2%) = Hy(z- Pz - A, A?,0) + Oay). (7)

22—0

In the Lorentz-invariant framework, the momentum-space GPD is defined as [30]

H(z,&,t) = / @anpﬂmz . P,—2¢(2 - P),1,0), (8)

and similarly for qGPD

H(z,&,t) = / d(z—ﬁemﬁfmz P, —2¢(z- P),t,22). 9)

By studying the behavior under hermiticity and time-reversal transformations simulta-
neously, it was found that the amplitude As is an odd function of z- A = —2¢(z- P) [30, 33].
In the forward limit, GPDs should smoothly approach PDFs, implying that A3 should be

equal to 0 in this work at zero skewness. In the following subsections, we will discuss our

lattice setup and lattice QCD results on A;.

B. Lattice setup

Our lattice calculations use the gauge ensembles provided by the HotQCD collabora-
tion [59], utilizing a 241 flavor setup with Highly Improved Staggered Quark (HISQ) ac-

tion [60]. The lattice configuration has dimensions of N, x N; = 643 x 64 and a lattice
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spacing of a = 0.04 fm. The sea quark masses are adjusted to yield a pion mass of 160
MeV. In the valence sector, we use the Wilson-Clover action with one level of hypercubic
(HYP) smearing [61]. For the coefficient of the clover term, we utilize the tree-level tadpole-
improved value computed with the fourth root of the plaquette, yielding 1.02868 [62]. The
valence quark masses in the Wilson-Clover action are tuned to am, = —0.033, resulting in
a pion mass of 300 MeV.

Central to our computational approach is the use of momentum-boosted smeared
sources [63]. The quark propagators are obtained through the application of the multigrid
algorithm [64] to invert the Wilson-Dirac operator using the QUDA software suite [65-67]
on GPUs. In this work, we consider the pion boosted along the z-direction with momenta
P, = 27mn,/(aN;) with n, being an integer. To obtain a good signal for the boosted pions,
momentum-boosted sources and sinks are constructed using a Gaussian profile, with boost
momenta k, = 2wm,/(aN;) in the z-direction. Source construction is done in the Coulomb
gauge, and the Gaussian profile is created with the radius of 0.208 fm [62, 68]. Employing
these quark propagators, we have computed both the two-point and three-point hadron
correlation functions. To increase statistics per configuration, we combined multiple exact
(high-precision) and sloppy (low-precision) samples and implemented the all-mode averaging
(AMA) technique [69]. The lattice parameters used in this study are summarized in Table I.

We can get the matrix elements by analyzing the two-point and three-point correlation

functions. The two-point correlation function is defined as
Copt (P, 1) Ze P ri(x,t)71(0,0)) (10)

where P denotes the spatial momentum, x and O represent the spatial coordinates, and
t, and 0 correspond to the time coordinates. Here, 7} and 7, stand for the pion creation
and annihilation operators, respectively, with the subscript “s” indicating “smeared”. The
three-point correlation function is defined as

Clh (Pl qsty, mi2) = Y e P/l (7 (x,1,) 0 (y, 75 2)71(0,0)) , (11)

Xy

where P/ = 27’ /(aN,) and q denote the spatial final momentum and momentum transfer,
respectively. The spatial initial momentum is given by P! = P/ — q. The quark bilinear
operator, O"(z), defined in Eq. (2), is also characterized by its spacetime insertion position

(y,7). In this work, we only consider the case of zero skewness, that is, n® = 0 and



P, = P/ = P!. For each value of P,, we consider several values of q = 27mn®/(aN,). The
different choices of momenta used in our study are summarized in Table I, including the
momentum transfer ¢ in physical units. As one can see from the table, for the smallest
non-zero value of P,, we have performed calculations in both Breit and non-Breit frames at
very similar values of ¢.

The approach used to obtain the pion matrix element here closely follows our previous
works [62, 70-74]. We fit the large t5 behavior of the two-point correlation functions with
two or three states and obtain the energies of these states for different momenta. The
corresponding energy levels are then used in the analysis of the three-point function and the

extraction of the pion matrix elements M*. We consider the following ratio of

RAP! Pty 11 2) = \/ELE bt (P7, Pty 71 2) {Cgpt(Pi,ts—T)czpt(Pf,T)CQPt(Pf,ts) 2
’ e 00 CZpt<Pf>ts) Cth(Pfats_T)CZpt(Pi7T>02pt(Piati)2) ,

—~

where Ei and EJ correspond to the ground-state pion energies in the initial and final states,
respectively, and the kinematic factor \/Eg E{ is used for the normalization. For large t
and 7, this ratio gives the matrix element M*. We assume that for large ¢, and 7, two or
three states mainly contribute to R*(P/, Pi;t,, 7; z) and perform the corresponding fits to

obtain the matrix element. Some details of the fits are provided in Appendix A.

C. Lattice results on the Lorentz-invariant amplitudes

Having determined the matrix elements M* for different values of the kinematic variables
in Eq. (3), we can deduce the Lorentz-invariant amplitudes A;. The results of A; obtained
from the Breit and non-Breit frames with comparable values of —t should be consistent.
Therefore, we select two sets of lattice data from different frames, as shown in the first
and third rows of Table I, which have identical values of P, and very close —t values. The
dataset from the Breit frame has —t = 0.938 GeV?, while the dataset from the non-Breit
frame has —t = 0.952 GeV?2. According to Eq. (3) and 2* = (0,0,0, z) in our case, for the
non-Breit frame, we can simultaneously solve A; and As by combining the data of +; and
v components. For the Breit frame with A* = 0 and P, = 0, we can directly get A; and
As from v, and v, components, respectively.

The amplitudes obtained from these two datasets with P, = 0.968 GeV are shown in
Fig. 1. The left two panels show the results obtained using both 2-state and 3-state fits
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TABLE I. Details of the measurements and statistics for the Breit and non-Breit frames are
shown. The symbol t5 represents the source-sink separation. We present the momentum in units
of 2 /(aNy), including the final momentum (n/) and the boost momentum along the z-direction
(m;). P, denotes the physical values of the momentum in the z-direction. For the momentum

A _ pf —ni),

transfer, we show both the three-dimensional lattice unit momentum transfer (n
where n’ denotes the initial momentum, and the 4-dimensional physical unit momentum transfer
(t = A?). Additionally, we provide the numbers of gauge configurations (#cfgs) as well as the

counts for both exact (#ex) and sloppy (#sl) inversion samples per configuration.

Frame ts/a  nf = (nf,nf nl) m, P.[GeV] n® = (ng, ny,n2) —t[GeV?] #cfgs (Fex, #sl)
Breit |9,12,1518 (1,0, 2) 2 0.968 (2,0, 0) 0.938 115 (1, 32)
9,12,15,18 (0,0,0) 0 0 (0,0,0) 0 314 (3, 96)
9.12,15,18 (0,0,2) 2 0.968 (1,2,0) 0.952 314 (4, 128)
non-Breit

[(0,0,0), (1,0,0) [0, 0-229, 0.446,
(1,1,0), (2,0,0) 0-855, 1.048, 1.589]

9,12,15 (0,0,3) 2 1.453 314 (4, 128)

(2,1,0), (2,2,0)] 1o, 0.231, 0.455,
9,12,15 (0,0,4) 3 1.937 564 (4, 128)

0.887, 1.095, 1.690]

within the Breit and non-Breit frames, respectively. The 2-state fit results are represented
by the open symbols, while the 3-state fit results are denoted as the filled symbols, labeled
as “2s” and “3s” in the figure, respectively. One can see that the contamination from the
excited states is apparent in the Breit frame, so the 3-state fit is needed. For the non-Breit
frame, it can be seen that these two kinds of fit results are comparable within 1-o error, and
the 2-state fit results are more stable. In both frames, we find that As is zero within error,
as expected. In the right panel of Fig. 1, we investigate the frame independence of A; by
selecting the 3-state fit results for the Breit frame and the 2-state fit results for the non-Breit
frame. Furthermore, since we observe that Az is compatible with zero within errors also for
the non-Breit frame, we perform the extraction of A; from the non-Breit frame based on

setting A; = 0 and using the 7; component. The results from this analysis are shown as



the green triangles in the right panel of Fig. 1. As depicted in the figure, the non-Breit
frame results, both with and without setting A3 = 0, exhibit good agreement and also are

consistent with the Breit frame results.
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FIG. 1. The results for the amplitudes A;(i = 1, 3), obtained from the Breit frame (left panel) and
non-Breit frame (middle panel) with identical P, = 0.968 GeV and very similar transfer momenta,
are shown, including the outcomes of both the 2-state and 3-state fits. In the right panel, we
compare the results of A; obtained from the Breit frame using the 3-state fit with two different
determinations of A; obtained from the non-Breit frame using the 2-state fits with and without

setting As to zero, see text.

Therefore, we conclude that it is possible to obtain A; from the calculations in the non-
Breit frame by initially setting A3z to zero. Specifically, since in our lattice QCD calculations,
both the initial and final pion states are boosted along the z direction by an equal amount
P., the Lorentz-invariant definition for the coordinate-space qGPDs for £ = 0 can be directly
expressed as

Hii(2P., A% 2%) = Ay (2P, A%, 2%) = M'(zP,, A?, 2?)/ P'. (13)

For convenience, we denote the dimensionless matrix element as M = M/P hereafter.
Since we aim to get the valence pion GPDs within the LaMET framework, we selected
the two largest available momenta in the non-Breit frame for our calculations, as detailed
in the last two rows of Table I. Additionally, these two datasets can be used to study
the P, dependence of the final light-cone GPDs, which can reflect the effectiveness of our
perturbative matching, as discussed later. For each momentum, we analyzed six values of
the momentum transfer —t. Using the matrix elements we have obtained, several steps are
required to derive the qGPDs, including renormalization, extrapolation for the large region
of z, and the Fourier transform. Subsequently, the light-cone GPDs can be obtained from

the qGPDs using the LaMET.



D. Renormalization

As we mentioned before, the renormalization of the qGPD matrix elements is crucial for
removing the UV divergences from the Wilson line as well as for matching to the light-cone
GPDs, which are usually defined in the MS scheme. Since the non-local quark bilinear
operator is multiplicatively renormalizable, if we call the matrix elements extracted directly
from the lattice calculations as the bare matrix elements, the relation between the bare and

renormalized matrix elements can be expressed as [49, 75-77]
MEB(z,a) = Z(a)e M@l e=moll N R (5 q), (14)

where the superscripts “B” and “R” denote the “bare” and “renormalized” quantities, re-
spectively, Z(a) includes the z-independent logarithmic divergence, the term with dm(a)
accounts for the linear divergence, and the term with my is introduced to address the scheme
dependence of dm and to match the lattice scheme to the MS scheme [57, 58, 70, 78]. The-
oretically, mg should be a constant and independent of z.

The hybrid scheme renormalization is defined by merging the ratio scheme for short
distances with the explicit subtraction of self-energy divergences in the Wilson line for long
distances [49]

MB(z, P, t)
MB(z,0,0)’

MB(z, P, t)
MB(ZS,O,O)

2] < Jzl;

MR (z, 25, P, t) = (15)

6(6m+ﬁzo)\z—zs\’ |Z| > |zs|

Here, z, represents the position where the ratio scheme is matched onto the explicit sub-
traction of the divergence in the Wilson line, which is part of the renormalization scheme.
To reduce artifacts and improve the signal, we can further divide M® by the renormalized

electromagnetic form factor F(P,,t) = MB(0, P.,t)/M®(0,0,0) such as

MR (z, 2 P.,t) = MR (2, z; P.,t)/F(P,,t). (16)

Notably, we need to multiply F'(P,,t) back into our results when calculating the pion qGPDs,
as presented in the next subsection.

At short distances, all the divergences can be directly canceled by such a ratio. However,

for long distances, in order to perform the renormalization, we first need to determine the

values of dm and mgy. In line with our previous studies, we determine dm using lattice
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QCD results on the static quark-antiquark potential and the free energy of a static quark
at non-zero temperatures [79]: adm = 0.1508(12) for a = 0.04 fm lattice [70]. The value
of mgy can be obtained using the bare matrix element results at zero momentum and zero
momentum transfer. Namely, by comparing the lattice computations at P, = t = 0 with

their corresponding MS Operator Product Expansion (OPE) expressions for such a ratio

s PG +02) _ Colon(pa(z +09). 18 +027) [ /W(Z” da (1)

MPB(z) Col(as(po(2)), pdz?) o(2432)) @[asw)]%[as(ﬂ 1
(17)

where v is the anomalous dimension of the quark bilinear operator, known up to three
loops [80], and the expressions for «a; and 5 can be found in Appendix B, we can extract the
values of mg. Here, we set |0z|/a = 1. The use of the zero momentum matrix element results
in only the 0-th Wilson coefficient Cy remaining, which is calculated up to the NNLO [47,
54]. Furthermore, we have incorporated RGR [55] at the next-to-next-to-leading-logarithm
(NNLL) accuracy. The RGR allows us to effectively sum the large logarithmic terms arising
in the perturbative expansions and to evolve the running coupling from the physical scale
to = 2ke” 7 /| z] to the factorization scale p = 2 GeV. Here, k is a proportionality constant,
and vg is the usual Euler constant. In principle, we should choose k ~ 1 to match the
natural physical scale 1/|z|, but we found that Eq. (17) with x < 1 cannot describe the
lattice data with a constant mg in z. Therefore, to estimate the scale variation uncertainty,
we choose our central value of k as 1.414 and vary it between 1 and 2, where the strong
coupling constant remains reasonably small (a; < 0.3) at the short distances we considered.
Additionally, we include LRR [57, 58] in the Wilson coefficient that captures the dominant
contributions from renormalons and improves the convergence properties of the perturbative
series [58].

In Fig. 2, we show the results of mg obtained with NNLO(NLO)+LRR and NNLO(NLO)+LRR+RGR
Wilson coefficients. As mentioned before, myq is excepted to be a constant and independent
of z. However, in practice, this is not always the case for all z values, as illustrated in
Fig. 2. For the two smallest values of z, we observe lattice artifacts in the determination
of myg, as expected. However, the dependence of mg on z becomes much milder for larger
z values. The only exception is the case k = 1, where the running coupling becomes very
large for z > 0.2 fm, causing the perturbative expansions for the Wilson coefficients to

break down. The values of mg determined using NLO+LRR also show some dependence
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on z due to missing higher-order corrections. However, thanks to LRR, the dependence of
mo on z is significantly reduced already at this level compared to our prior analyses of the
pion PDFs [70]. All other determinations of mg obtained with x > 1.414 are consistent
with each other and show very small z-dependence for z > 0.08 fm. In the following, we
will take the m results at z = 0.12 fm to perform the hybrid-scheme renormalization. For
example, my = 0.1922(3) is taken in the case of NNLO+LRR+RGR (k = 1). We also

choose 2z, = 0.12 fm as our default choice for the hybrid scheme.

0.35} *

0.30f %9

0.25r

+LRR+RGR, £=1.000 1
+LRR+RGR, £=1.414
+LRR+RGR, £=2.000 1
+LRR, p =2 GeV

[T] ) NNLO (NLO
) NNLO (NLO
) NNLO (NLO
) NNLO (NLO

Soast

.
. 4
B
s =
s

R
> op,

0.10
0.05F

0.00F |
0.05 0.10 0.15 0.20 0.25 0.30
z[fm]

FIG. 2. The additional Wilson line renormalization mass parameter mg, obtained using
NNLO(NLO)+LRR and NNLO(NLO)+LRR+RGR expressions for Cy at different values of z.
The filled symbols correspond to NNLO results for C, while the open symbols correspond to NLO

results for Cy.

E. Large 2z extrapolation and Fourier transform

In this work, our aim is to get the valence light-cone GPDs in momentum (z) space.
In the isospin symmetric limit, the valence light-cone GPDs, as well as qGPDs, are equal
to the isovector GPDs, as discussed in Ref. [68]. To obtain the momentum-space isovector
(valence) qGPDs, we need to perform a Fourier transform on A\ = z P, of the coordinate-space
isovector qGPDs

_ © AN N -
H(w Pot) =2 / e Hia(=P 1, 2%) = F(P 1) / D mvme Py, a8)

[e.9] —OO7T

where H (x, P,,t) is the valence pion qGPDs, and the factor of 2 at the beginning of the
middle formula comes from the definition of O in Eq. (2) and the fact that the integral of
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the valence u quark distribution in the momentum space from 0 to 1 should be one.

In Fig. 3, we present our results of the renormalized matrix elements, denoted by the
red square symbols, as a function of A\. Due to the large statistical errors at large z and
the finite volume effects, we can reliably calculate the renormalized matrix elements only
up to a certain value of A\. This prevents us from performing the Fourier transform directly
on MR, To address this problem, we perform an extrapolation of the renormalized matrix
elements from a truncation position z; and replace the lattice results with the extrapolated
values for z > z;. We expect that M R should vanish exponentially at large z [49, 70], which
means that the extrapolation mainly affect the small-z region of GPDs [70]. Therefore, we

fit the lattice results of MR at large z using the following ansatz

MR = A

e—mz

(2P, (19)

where {A, m, d} are the fit parameters. In practice, we choose 6 data points above a critical
position z. where the matrix element results become unreliable, such as showing negativity
or lacking a decaying trend, to do the fit. Subsequently, employing this decay model with
the fitted parameters, we simulate results starting from the truncation position z; = z. — 3,
which is the midpoint of the fit range, and extend towards long distances where the matrix
element approaches zero. We constrain the fit parameters with the priors {A, m,d} > 0 and
extrapolate the data to z/a = 64, which can lead to extrapolated results decaying to zero in
most cases. However, in the cases of —t = [0,0.231] GeV? for P, = 1.937 GeV, due to the
slower decay, we need to impose a stricter constraint m > 0.2 GeV [70] as a fit prior and
extrapolate the matrix elements to a longer distance z/a = 200. The extrapolated results,
indicated by the purple circle symbols in Fig. 3, exhibit desired decay behavior at long
distances and start to approach zero as the distances become sufficiently large. Therefore,
the extrapolation can correct the artificial behavior of the lattice data at large .

To obtain the x dependence of the qGPDs, we need to integrate the extrapolated renor-
malized matrix elements over all values of A = 2P, in the Fourier transform. In Fig. 4,
we show the valence pion qGPD results at P, = 1.453 and 1.937 GeV, which are obtained
using NNLO+LRR+RGR (k = 1.414) renormalization. We present results for six —t val-
ues corresponding to each P, value. We see that as —t increases, the distributions start
at smaller values and decay slower with increasing x. If we compare the data with similar

—t sizes between these two panels, we can find that there are considerable differences be-
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FIG. 3. The results of the extrapolated together with the original renormalized matrix elements

obtained with NNLO+LRR+RGR (x = 1) coefficients are shown as a function of A = zP.

tween P, = 1.453 GeV and 1.937 GeV results. We expect that the perturbative matching to
light-cone GPDs, discussed in the next section, can correct for a significant portion of these

differences.

———t = 0.000 GeV? ———t = 0.000 GeV?

————t =0.229 GeV? 1 ————t=10.231 GeV? |
----- —t = 0.446 GeV? -----—t = 0.455 GeV?
— - —t =0.855 GeV? | — - —t = 0.887 GeV?
— - —t = 1.048 GeV? — - —t=1.095 GeV? |
—t =1.589 GeV? | —t =1.690 GeV?

P, =1.453 GeV| | P, =1.937 GeV

FIG. 4. The pion valence quark qGPD results for all —t values obtained with NNLO+LRR+RGR

(k = 1.414) coefficient are shown as a function of the Bjorken-z. Left: P, = 1.453 GeV, right:

P, =1.937 GeV.
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III. NUMERICAL RESULTS ON THE VALENCE PION LIGHT-CONE GPDS

We utilize the LaMET approach for the perturbative matching of qGPDs to the light-cone
GPDs

dk [~ d T k ~
H(Z‘,/J/, t) = / |]€| ycevo (_7 ﬁ) X Cil <_ Fo |y|)\s) H(Z% Pzata Zs, MO)

so 1Yl k’ o y yP.’
e () REal N L S
evo 7 R » 1 Yj|As Yj, 2,0, 25, o),
LARIA ki 1o vy P ! 0

where A\, = 2z,P,, C;,l and C™! are the inverses of the DGLAP evolution kernel and the

o

hybrid-scheme matching kernel, respectively. The detailed expressions for these kernels up

to the NNLL accuracy are given in Appendix B.

Since the qGPDs vanish at the positive and negative infinities, the integration range is
finite in practice. To obtain numerical results on the light-cone GPDs, we can discretize
the integration variables and replace the integrals with sums, as shown in the second line of
Eq. (20). This procedure can reproduce the exact numerical integration well [70]. In Fig. 5,
we demonstrate both qGPD and light-cone GPD results obtained from NNLO+LRR+RGR
(k = 1.414) perturbative matching with three-loop DGLAP evolution [81, 82]. It shows the
results from two datasets with different values of P, but similar values of —¢. As seen from
this figure, there is a significant difference in the x dependence between the qGPDs and light-
cone GPDs, especially at lower P,. The effects of the matching are most significant at small
and large values of x. Additionally, the P, dependence of the distributions is significantly
reduced after matching, as expected. The slight dip in the solid-filled green band is likely
a numerical artifact, which should be smooth judging by the smoothness of results nearby.
In this figure, we only show the results for the light-cone GPDs for x > 0.15 for the reasons
that will be explained below.

Since a larger P, is favored for better control of power accuracy, we will focus on the case
with the largest momentum P, = 1.937 GeV in the following discussion. We will explore the
dependence of the light-cone GPDs on the matching accuracy, renormalization scale, and

physical variables.
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FIG. 5. The z dependence of the qGPDs and light-cone (LC) GPDs, solved with

NNLO+LRR+RGR (k = 1.414) perturbative matching, is shown. It contains the results from

two datasets with different values of P, but similar values of —t.

A. The dependence of the light-cone GPDs on the perturbative accuracy of the

matching and the renormalization scale

In this subsection, we examine the sensitivity of the pion light-cone GPDs to the per-
turbative accuracy in the matching and the renormalization scale, aiming to determine the

reliability of our results.

In Fig. 6, we present the light-cone GPD results for the largest momentum P, = 1.937
GeV, obtained using NLO and NNLO perturbative matching with LRR, both with or with-
out RGR. The line-filled bands represent the results obtained without RGR at = 2 GeV.
The solid-filled bands show the results obtained with RGR, considering the variation of x.
The darker-solid-filled bands display the statistical errors with k = 1.414 only, while the
lighter-solid-filled bands also include additional systematic errors associated with scale vari-
ation from k = 1 to 2. The scale variation of the results is more significant at small and
large . We have selected the data with the smallest and largest momentum transfers for a
clearer comparison. The NNLO results exhibit smaller scale variation, particularly for data
with larger —t values. Moreover, the results with and without RGR are almost consistent
in the intermediate = region. However, they have a significant difference for x < 0.2. Since

at low scales, the strong coupling constant and the logarithms diverge in the case of RGR,
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causing the perturbation theory to break down. Consequently, our light-cone GPD results
obtained with RGR are only reliable for x > 0.2. The RGR also plays a role in the vicinity of
x = 1. In this region, the threshold logs may also be important [55, 83]. However, threshold
resummation is beyond the scope of this work. Finally, we note that the results between the

NLO and NNLO display convergence, especially for the case with larger —t value.

3.0 : :
—t =0 GeV?
NLO+LRR, p =2 GeV
2571 NLO+LRR+RGR
ZZZINNLO+LRR, p = 2 GeV
NNLO+LRR+RGR
2.0
—t = 1.690 GeV?
= NLO+LRR, u =2 GeV
& L5F NLO+LRR+RGR
= VZZINNLO+LRR, =2 GeV
T NNLO+LRR+RGR
051!
0.0} -=-=----—4- m—————ee - ———m e e === === ==
0.0 0.2 0.4 0.6 0.8 1.0
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FIG. 6. The x dependence of the valence light-cone GPDs for P, = 1.937 GeV is presented, show-
ing results obtained with various perturbative matching choices and renormalization scales. The
line-filled bands correspond to the results without RGR, while the solid-filled bands correspond to
the results with RGR. For the latter, the darker-solid-filled bands represent the statistical uncer-
tainty with k = 1.414, while the lighter-solid-filled bands contain additional systematic uncertainty

with varying « from 1 to 2.

If one uses the hybrid scheme to perform the renormalization, the resulting light-cone
GPDs may depend on the choice of z,. Therefore, it is important to check the dependence
of our results on z;. We compare the valence light-cone GPD results with three different
values of z, for P, = 1.937 GeV in Fig. 7. As a demonstration, we show our results for
—t = 0 GeV?, obtained using NNLO+LRR+RGR. The lines represent the central values
obtained with x = 1.414, while the bands encompass both statistical and systematic errors.
This convention for the error bands is used in the subsequent figures as well. We can see

that the final valence light-cone GPD results have little dependence on z,. The situations
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are similar for other values of —t. Thus, our findings are not sensitive to the choice of z,.
Since the value of mg at z/a = 3 shows the smallest dependence on the perturbative order
and the renormalization scale, we adopt z;/a = 3 for the following analyses.

Furthermore, the zero momentum transfer case corresponds to the PDF results, allowing
for comparison with previous PDF calculations. Specifically, we compare our findings with
the global analysis at NLO accuracy (JAM21) [84] and our previous results using the NNLO
matching (without LRR or RGR) within the same lattice framework (BNL-ANL21) [70]. Our
results agree well with the global fit results for 0.2 S z < 0.8. Regarding the comparison with
BNL-ANL21, differences for x < 0.2 are not surprising, as discussed earlier. Additionally, we
observe that the results obtained with LRR and RGR in this work show a slight downward
shift compared to previous findings in the intermediate x region, while they slightly exceed

previous results for < 0.25.

3.0 : : :
——NNLO+LRR+RGR, zg/a =2
25¢ NNLO+LRR+RGR, zg/a =3
""" NNLO+LRR+RGR, zg/a =4
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g N JAM21: NLO
-~
BT (P. = 1.937 GeV, —t = 0 GeV?| |
=
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0.0 0.2 0.4 0.6 0.8 L0

FIG. 7. The dependence of the valence light-cone GPDs on z; is illustrated at P, = 1.937 GeV
and —t = 0 GeV2. The black band displays the NLO global analysis results [84]. The red band

represents the valence pion PDFs obtained with NNLO matching in a hybrid scheme, excluding
LRR and RGR [70].

B. The i-dependence of the light-cone GPDs

Having analyzed the systematic effects in the determination of the valence pion light-

cone GPDs at some representative values of —t, we can now study the entire ¢t dependence
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of the light-cone GPDs in more detail. In Fig. 8, we present the valence light-cone GPDs
as a function of the Bjorken-z across all the available values of —t. As expected from the
previous discussion, for x < 0.2, there are significant differences in all results between the
cases with (solid-filled bands) and without (line-filled bands) RGR. The distributions exhibit
significant dependence on —t and x. Firstly, the light-cone GPDs H(z,£ = 0,t) decrease as
—t increases for a fixed x. Secondly, the fall-off of the GPDs along x is notably reduced at
larger values of —¢. Similar behavior of the pion GPDs was also found in Ref. [32], where a

lattice spacing of a = 0.09 fm and a symmetric frame were utilized.

2.5 : : :
ZZANNLO+LRR, i = 2 GeV
EEENNLO+LRR+RGR
—t =0 GeV?
20F —t =0.231 GeV?
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z
FIG. 8. The valence pion light-cone GPDs as a function of x for all available values of —t.

The solid-filled bands represent results obtained with NNLO+LRR+RGR, and the width of the
bands indicates the total uncertainty of the results, including scale variation. The line-filled bands

represent NNLO+LRR results for =2 GeV.

To further explore the ¢t and x dependence of the pion valence light-cone GPDs, we would
like to parametrize our results with a suitable ansatz. Based on past experience with the

pion form factor [71], we employ the monopole form

H(z,t) = %, (21)

where H (z,0) represents the GPDs at zero momentum transfer, equivalent to the PDFs, and

M (z) is a z-dependent monopole mass parameter, which is related to the pion effective radius
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FIG. 9. Left: The t-dependence of the valence light-cone GPDs for various values of x. Right:

The pion effective radius as a function of the Bjorken-zx.

as (r*(z)) = 6/M?(x), in analogy to the usual pion charge radius. This fit ansatz works very
well, as demonstrated by the bands in the left panel of Fig. 9. The left panel displays the ¢
dependence of the light-cone GPDs for four selected values of x, namely x = 0.2, 0.3, 0.5,
and 0.8. The lattice results are shown as the data points, and the corresponding monopole
fit results are displayed as the bands. We can observe that the ¢ dependence of the valence
light-cone GPDs becomes milder as x increases. For x = 0.8, almost no ¢ dependence can
be discerned within the estimated errors. The results of the pion effective radius are shown
in the right panel of Fig. 9. The effective radius clearly decreases with increasing x. This
means that when quarks have higher momentum fractions, they are likely to be confined
to a smaller spatial region in the transverse plane. This confinement results in narrower
distributions in position space, potentially reducing the effective radius. Interestingly, the
effective radius for = 0.2 is comparable to the pion charge radius obtained from the pion
electromagnetic form factor, specifically (r?) = 0.313(27) fm?, as calculated in Ref. [71]
using the same pion mass.

Moreover, the Fourier transform of the valence light-cone GPDs at zero skewness, with
respect to the transverse components of the momentum transfer, defines the valence impact-

parameter-space parton distributions (IPDs):

b,) = dQﬁH AZ)eibr AL 22
Q(Ia J_)_ (271')2 (flf, J_)e y ( )

where b is the impact parameter. The IPDs describe the probability density of finding a

parton with momentum fraction x at a specific transverse distance b from the center of the
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transverse momentum (CoTM). They can offer a comprehensive view of the parton distri-
butions in both momentum and coordinate spaces within the hadron. Using our monopole
fit results of H(z,t), we can perform a Fourier transform in A to obtain the valence IPDs.
Fig. 10 shows the results with varying = from 0.2 to 0.9 and b, from 0 to 1 fm. We can
find that when the partons carry a larger momentum fraction x, the distributions are more
localized, which results in a more concentrated distribution in the impact-parameter space.
Conversely, as x decreases, the distributions become broader in b , indicating a more diffuse

spatial distribution of lower-momentum quarks.

[NNLO+LRR+RGR, P, = 1.937 Gev]

FIG. 10. The valence IPDs are shown as functions of the Bjorken-z and the impact parameter

b,.

It is interesting to compare the pion valence IPDs with those of the proton, as shown in
Fig. 11. We display the comparison in a two-dimensional distribution at x = 0.3 and 0.5.
The light-cone proton GPDs data are from Ref. [85]. We perform a dipole fit on the proton
GPDs and then get the corresponding IPDs through the Fourier transform. For both the
pion and proton, the distributions become more concentrated at larger x, corresponding to
smaller effective radii, which is consistent with our findings from the right panel of Fig. 9.
Comparison of the proton and pion results at fixed x reveals that the proton exhibits a

broader distribution of valence quarks than the pion at both z = 0.3 and 0.5. To some
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extent, this observation relates to the fact that the charge radius of the proton is larger than
that of the pion. Fig. 11 also indicates that the valence quark distributions within the pion

are somewhat less peaked at the very center compared to those within the proton.
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FIG. 11. The two-dimensional distributions show a comparison of the IPDs between the pion and

proton [85] at x=0.3 and 0.5.

IV. CONCLUSIONS

We study the pion valence light-cone GPDs using the LaMET approach at a lattice spac-
ing of 0.04 fm, which is more than two times smaller than the lattice spacing used in other
studies of pion GPDs (a = 0.09 fm) [32]. In this work, we utilize the Lorentz-invariant
definition of the GPDs, enabling us to perform calculations in the non-Breit frame. This
approach enables simultaneous calculation of multiple momentum transfers and thus signif-
icantly reduces the computational costs. In this work, we perform calculations within both
the Breit and non-Breit frames. By comparing the amplitude results of these two frames,
we demonstrated once again the validity and efficacy of the Lorentz-invariant approach. To
obtain the pion valence light-cone GPDs from the qGPDs, we use NNLO hybrid-scheme

matching along with leading renormalon resummation and renormalization group resum-
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mation. The use of leading renormalon resummation significantly reduces the perturbative
uncertainty in the hybrid renormalization scheme. Furthermore, the use of renormalization
group resummation allows us to determine the range of Bjorken-x for which the LaMET ap-
proach is reliable for a specific momentum value P,. Our results at zero momentum transfer,
specifically the valence light-cone PDF results, are in good agreement with the global anal-
yses [84] within the range 0.2 < x S 0.8. The P, dependence of the final light-cone GPD
results is significantly reduced compared to the qGPDs, which indicates the effectiveness
of the perturbative matching framework. Our lattice calculations provide a comprehensive
three-dimensional imaging of the pion structure, which can be better visualized in terms of
impact-parameter-dependent distribution. From these findings, we observe that the effective
transverse size of the pion reduces as x increases, a pattern also observed in the proton [85].
Additionally, the effective size of the pion is consistently smaller than that of the proton for

the considered x region.
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Appendix A: Fit results of the two-point and three-point correlation functions

In this appendix, we present some detailed analysis of the pion two-point and three-point
correlation functions.

As mentioned in the main text, by employing the spectral decomposition formula along
with 2-state or 3-state fits of the pion two-point correlators [62, 70-73], we extract energy
values of both the ground and excited states of the pion, as well as the corresponding
amplitudes. We show the results of the ground and the first excited state energy for different
momenta in Fig. 12. We can see that the fit results for Ey agree well with the dispersion
relation shown by the solid lines, and in most cases, the results for E; also agree with them

within errors.
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FIG. 12. The results for the ground state energy FEy and the first excited state energy FEji,
extracted from the two-point functions, are shown. The solid lines represent the results calculated

using the dispersion relation F,, = /m2 + |P|? with my = 0.3 GeV and m; = 1.46 GeV.

To obtain the matrix elements, we consider the ratio R* given by Eq. (12) and perform
2-state or 3-state fits. Here, we use the energy levels and amplitudes obtained from the

corresponding fits of the two-point functions. In Fig. 13, we select two specific cases from
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the data of z = 0 and p = t to show the results of the ratio as R'/P*. The left one belongs
to the case of P, = 0.97 GeV and —t = 0.95 GeV?, while the right one corresponds to the
case of P, = 1.94 GeV and —t = 1.69 GeV?, that is, the largest momentum transfer in this
work. The lattice results are shown as the data points with different colors representing
the different time separations. The bands with corresponding colors denote the two-state
fit results of the lattice data. And the grey bands are the extrapolated results of the ratio,
that is, the bare matrix elements. We collect all the bare matrix element results of the
largest momentum in Fig. 14. It is evident that the results display a decreasing trend with

increasing 2z and also as the momentum transfer increases, as expected.
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FIG. 13. Two specific examples of the ratio R'(z = 0)/P! are shown. Left: P, = 0.97 GeV and
—t = 0.95 GeV?, right: P, = 1.94 GeV and —t = 1.69 GeV?2. The data points represent the lattice
results, and the bands with corresponding colors are the fit results of the lattice data. The grey

bands show the results of the bare matrix elements.

Appendix B: Perturbative coefficient

1. Matching coefficient

The NNLO matching kernel with LRR and RGR can be expanded to O(«) as [57, 58]

T flo x s Ly (T Mo as\? Lo (T Mo
C 5 E pyn ) = (2 1)+ gme® (20 ) 4 (52) @ (5 EL i,
(y,ypz,\yr ) (y )+27T (y,ypz,m )+ o L Ly

Ho

—i—ypz

0Co 1.RR restChybrid LRR 1 O(ai’),
(B1)
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FIG. 14. The bare matrix element results for the largest momentum |[Pf| = P, = 1.937 GeV are

shown as a function of z.

with
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o X + a0 & LIn(X) + (as0)’Y 0 4
X =1+asbn ((M?O) ) ) (B2)

=R (ew) e (B) (55

Here, the QCD pS-function

Blas ()] = =20 (1 Z a" (B3)
is given by
11 4
Bo = _CA — 3 lrny, (B4)
34 20
b = —CA ( Ca+ 4CF) Trny, (B5)
_ 2857 205 1415 44 158
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where Cr = 4/3, Cy = 3, Tr = 1/2, and ny = 3 for our lattice ensemble. The 1-loop and

2-loop matching coefficients C") and C® are constructed as

2
CW = Cf}) + Clyha 1, + Chiy In ((2%)) ) | s

) 2
2 2 2 2 Fo 2 Ho
c® = C(L) + Clgy)brid Lt (CI(\II)JL + Cl(ly%arid NLL) In ((ﬁ) ) + Cl(\HzILL [ln (<2P ) )

(B8)

where Crp/nii/nner represent the normal LL/NLL/NNLL terms, Chyirid Li/nir denote the
LL/NLL terms in the hybrid scheme. In the last line of Eq. (B1), Chybria Lrr is the LRR
term in the hybrid scheme [57, 58]

e p.(1+A+ A% 1 |e 2, sin[Bzp.] e p,
Chybrid LRR = 0-575#0{ s T B T 2 + p2B?

X <cos [Bzp.] (€2, — B*p? + €3,25 + €mp?B2;) — sin [Bz,p,] (26 + B?plz, + €,25) sz>

X

(BY)

4 = ¢7em* ig a small exponential decaying factor, B = 1 — %, p, =yP,,and {---},

where e~

means a plus function. Additionally, 0Co LrR rest Tepresents the rest LRR term

a? 268 4+ f1(1+ )] a2Bica (B — 205)

5CO,LRR rest — —0.5751'{{0(5 + + 67“'377‘;0 |:47Tﬁo + Oésclﬁl +
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1 2
YY) E 1 - )
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(B10)
where E,(z) = floo e~#' /t"dt is the generalized exponential integral, R denotes the real part,
and

B = Boba
0 =——7",
8% (B11)
oy = Bt 4 4555102 — 26057 B2 + B3 (B3 — 267) — 26555

320(b — 1)

with b = B1/(2).
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2. Evolution coefficient

The NNLL matching requires the 3-loop DGLAP evolution kernel, which can be expressed

Cevo (as, z @> =0 (E — 1) + a Py (E)
y' y y

t? x
2 46! 0 0 0
+ a; [thq( ) + — (’p(gq) ® ’p( ) + 60’P(§q)):| (;)

as

51 (B12)
{ﬁ?v@) + 12 ( O+ 8Py + PO ® PqVq(”)
t? 0 0 0 0 0 x
€<2ﬁ +360Pt§q)®7)t§q)+Pt§q)®Pf§q)®Pt§q)) g ’
where a;, = a(o)/(4n), t = In(ud/u?), qu is the 1-loop splitting function, and Pv(l nd

;{1(2) are the 2-loop and 3-loop splitting functions for the valence quark [81, 82]. They are

given by

P (2) = 2Cp {

qq

14 22
11—z 4

PV (2) =4 [73531)(2) - ng(z)} ,
" - 1 (B13)
Py (2) = Cp |CpPr(z) + ECApg(Z) +nTePo,(2)|,

PR(2) = Cp (CF - %CA) Pa(z),
where the definitions of Pr(z), Pg(z), Pn,(2) and P4(2) can be found in Ref. [81]. As for
2| we take the approximate solution Pay > (2) = P27 (2) in Eq. (4.23) of Ref. [82).

Note that after the inverse matching, one obtains the matched GPDs H(z, uy = 2kxP,)

at a varying MS scale in 2. To implement the DGLAP evolution, we set ¢ = 2 GeV and

o = 2kx P, and obtain the evolution kernel as a triangular matrix down to a minimal value

Zmin ~ 0.15. Then we invert the triangular matrix and apply it to the matched GPDs
H(x, o), which leads to H(z, ) at the fixed scale p down to @, ~ 0.15.

We could also express the evolution kernel Cey, as a perturbative series in as(p), but it

gives a smaller scale variation as as remains small. Instead, we use Ce, as a perturbative

series in as(2kxP,). The latter becomes large at small z, which gives us a more conservative

estimate of the scale variation uncertainty.
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