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In this proceedings we discuss the natural connection between the re-
duction of neutral pion mass in the vacuum, and the magnetic catalysis as
well as the reduction of transition temperature in the external magnetic
field. We also present the first results on fluctuations of and correlations
among conserved charges in strong magnetic fields from lattice QCD com-
putations.
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1. Introduction

There have been a lot of interesting results obtained from studies on the
QCD thermodynamics in the external magnetic field [1–4]. Among these
results two well-known phenomena are the reduction of transition temper-
ature Tpc and the (inverse) magnetic catalysis [5]. It was expected that the
transition temperature should increase due to the magnetic catalysis ob-
served at zero temperature [6, 7]. However, it turns out that the transition
temperature actually decreases as the magnetic field strength eB grows [8].
The incorrect increasing behavior of Tpc in eB is mainly due to the large
lattice cutoff effects in the standard staggered discretization schemes [6,8,9].
And in QCD with physical values of pions the reduction of Tpc accompa-
nies with a non-monotonous behavior of chiral condensate near Tpc [10–13].
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Later on it is found that the inverse magnetic catalysis is not necessarily
associated with the reduction of Tpc [14, 15]. From lattice QCD studies
with larger-than-physical pions one still observes the decreasing of Tpc as
eB grows, but the inverse magnetic catalysis turns into magnetic catalysis
at a sufficiently large pion mass [14,15].

In this proceedings we will firstly address the intrinsic connections among
the magnetic catalysis, the reduction of Tpc and Goldstone pion mass through
the Gell-Mann-Oakes-Renner (GMOR) relation as well as from the Ward
identity, and then we show a new decreasing behavior observed in the masses
of charged pseudo-scalar mesons, and the qB scaling of chiral condensate
and neutral pion, finally we will present the first lattice QCD results on the
second order fluctuation and correlations of conserved charges at nonzero
temperature in strong magnetic fields. The results presented here are based
on lattice simulations of Nf = 2 + 1 QCD using highly improved staggered
fermions with pion mass about 220 MeV and lattice spacing a ' 0.117 fm.
For studies at zero temperature presented in this proceedings are obtained
from 403 × 96 and 323 × 96 lattices. Details of simulations can be found
in [16]. While for those at nonzero temperature a fixed scale approach is
adopted. This means that we fix a in our study and have temporal extent
Nτ = 16, 12, 10 and 8 with a spatial extent Nσ = 32 for T = 140, 168,
210 and 280 MeV, respectively. This corresponds to two temperatures well
above Tpc, one close to Tpc and one well below Tpc at eB = 0. Results shown
in Section 2 have been presented in [16].

2. Chiral properties of QCD in the vacuum

In this section we discuss results obtained at T = 0 [16].

2.1. Gell-Mann-Oakes-Renner relation and the Ward identity

The GMOR relation is valid in the chiral limit of quarks at vanishing
magnetic field and can be expressed with nonzero pion mass as follows [17]

(mu +md)
(
〈ψ̄ψ〉u + 〈ψ̄ψ〉d

)
= 2f2πM

2
π (1− δπ), (1)

where mu,d standing for the up and down quark masses explicitly breaks the
chiral symmetry, and 〈ψ̄ψ〉u,d being the up and down quark chiral conden-
sates measures the strength of spontaneous chiral symmetry breaking. fπ is
the decay constant, Mπ denotes the Goldstone pion mass and δπ stands for
chiral corrections to the GMOR relation due to a nonzero pion mass. In the
presence of nonzero magnetic field the iso-symmetry of up and down quarks
is broken due to the different electric charges of up and down quarks. We
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thus also investigate on the following two relations

2mu 〈ψ̄ψ〉u = f2π0
u
M2
π0
u
(1− δπ0

u
), (2)

2md 〈ψ̄ψ〉d = f2π0
d
M2
π0
d
(1− δπ0

d
), (3)

which hold true at zero magnetic field in the chiral limit with chiral cor-
rections δπ0

u
= δπ0

d
= 0. Here fπ0

u,d
and Mπ0

u,d
are the decay constants and

masses corresponding to the up and down flavor components of a neutral
pion. At zero magnetic field fπ0

u
= fπ0

d
= fπ0 , Mπ0

u
= Mπ0

d
= Mπ0 and

δπ0
u

= δπ0
d

= δπ0 , while at nonzero magnetic field these will not be the case

due to the iso-symmetry breaking.
Given the validity of GOMR relation in the external magnetic field it

then suggests that the mechanism for the explicit chiral symmetry breaking
by light quark mass is not changed by the magnetic field, and the Gold-
stone pion mass can be considered as an overall measure of both explicit
and spontaneous chiral symmetry breaking. Thus a lighter Goldstone pion
mass indicates that the chiral symmetry can be restored at a lower temper-
ature. From the chiral perturbation theory it has been demonstrated that
the GMOR relation holds true in weak magnetic fields and low tempera-
tures [18–20]. However, it is not guaranteed that the GMOR relation could
hold in strong magnetic fields.

In the left panel of Fig. 1 we show the chiral corrections to the GMOR
relation |δ| is at most 6% at eB = 0 as obtained from different subtractions
of the UV part of the light quark chiral condensate. As eB grows |δ| gets
closer to zero. This suggests that the GMOR relation approximately holds
in the currently explored eB region.

In the right panel of Fig. 1 we show whether the Ward identity of
〈ψ̄ψ〉u,d = mu,dχπ0

u,d
holds in the nonzero magnetic field. It can be seen

that the ratio 〈ψ̄ψ〉u,d/(mu,dχπ0
u,d

) deviates from unity in the nonzero mag-

netic field by at most 1.2%. Since χπ0
u,d

is the space-time sum of the meson

correlation functions of π0u,d it is dominated by the exponential decay of

Mπ0
u,d

at large distances. Thus a smaller Mπ0
u,d

(cf. Fig. 2) is consistent

with larger values of both χπ0
u,d

and 〈ψ̄ψ〉u,d as eB grows, and it is also in

accord with the reduction of Tpc in the nonzero magnetic field.

2.2. Pseudo-scalar meson masses and qB scaling

In left panel of Fig. 2 we show the eB dependence of neutral pseudo-
scalar meson masses normalized by their corresponding values at vanishing
magnetic field. We see that masses of π0u,d, π

0, K0 and η0s monotonously
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Fig. 1. Left: Chiral corrections to the GMOR relation. Right: Ratio of

〈ψ̄ψ〉f/(mfχps0f
) as a function of eB for f as up (u), down (d) and strange (s)

quark flavors. The label Mπ shown in the upper right corner in the left plot and in

all the plots through this proceedings stands for pion mass at eB = 0 in our lattice

simulations, i.e. Mπ(eB = 0) = 220 MeV. Figures are taken from [16].

decrease with eB and seem to saturate at eB & 2.5 GeV2. A lighter Gold-
stone pion, i.e. neutral pion in stronger magnetic field thus suggests a lower
transition temperature, and this is in analogy to the case with lighter quark
mass at zero magnetic field [21–23].
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Fig. 2. Left: Masses of π0
u,d, π

0, K, η0
s normalized by their corresponding values at

eB=0 as a function of eB. Right: M2(eB)−M2(eB = 0) for charged pseudo-scalar

mesons. Figures are taken from Ref. [16].

In right panel of Fig. 2 we show the differences of π− and K− mass
squared from their corresponding values at vanishing magnetic field as a
function of eB. At eB . 0.3 GeV2 the lattice data can be well described by
the lowest Landau level (LLL) approximation as denoted by the dashed line.
This suggests that both π− and K− behave as point-like particles. At larger
values of eB the lattice data starts to deviate from the LLL approximation
and then decreases with eB at a turning point of eB ≈ 0.6 GeV2. We have
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checked the volume dependence at eB ' 1.67 GeV2 using a larger lattice
of 403 × 96, and find that the volume dependence is negligible. Thus the
decreasing behavior of Mπ− and MK− at eB & 0.6 GeV2 should be robust.
This indicates that the internal structure of π− and K− are probed by the
magnetic field at eB & 0.3 GeV2. This decreasing behavior of charged
pseudo-scalar mesons as eB grows is new, and it could be due to the effects
arising from dynamics quarks and large magnetic field we simulated in our
study compared to previous studies in [8, 24,25].

In the left panel of Fig. 3 we show the ratio Mπ0
u
(|quBu|)/Mπ0

d
(|qdBd|)

as a function of |qB|. Here qu and qd stand for the electric charges of
u and d quarks, and Bu and Bd are different values of B which makes
|qB| ≡ |quBu| = |qdBd|. The ratio is very close to 1. We call this qB scaling,
according to which the ratio should be exactly 1 in the quenched limit. The
qB scaling can also be found in the up and down quark chiral condensate
as shown in the right plot of Fig. 3. These findings suggest that the effects
from dynamic quarks are negligible in our case with Mπ(eB = 0) = 220
MeV.
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Fig. 3. qB scaling seen in the up and down quark components of neutral pion

mass (left) and up and down quark chiral condensates (right). Figures are taken

from Ref. [16].

3. Fluctuations of and correlations among conserved charges

Fluctuations of and correlations among conserved charges are useful
probes to study the QCD phase structure. They have been extensively
studied in lattice QCD at vanishing magnetic field [26–28]. We extend the
study of these quantities to the case in strong magnetic fields which could
also be of interests [29–33]. Following the same procedure as presented in
e.g. [34], we compute the fluctuations of the conserved charges and their cor-
relations by taking the derivatives of pressure p with respect to the chemical
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potentials from lattice calculation directly,

χudsijk

T 2
=

∂i+j+kp/T 4

∂ (µu/T )i ∂ (µd/T )j ∂ (µs/T )k

∣∣∣
µu=µd=µs=0

, (4)

χBQSijk

T 2
=

∂i+j+kp/T 4

∂ (µB/T )i ∂ (µQ/T )j ∂ (µS/T )k

∣∣∣
µB=µQ=µS=0

. (5)

Here µu,d,s stand for up, down and strange quark chemical potentials while
µB,Q,S denote baryon number, electric charge and strangeness chemical po-
tentials. In our study we consider the case of i+ j+k = 2, i.e. second order
fluctuations and correlations.

In the left panel of Fig. 4 we show χu2/χ
d
2 as a function of eB at temper-

atures below, close and above the transition temperature at eB = 0. This
ratio χu2/χ

d
2 is 1 at eB = 0 and its deviation from 1 at nonzero values of

eB is due to the iso-symmetry breaking of up and down quarks. And the
iso-symmetry breaking effects are observed to be larger at lower tempera-
tures. We also want to check how the effects induced by eB are manifested
in the ratio χd2/χ

s
2 with down quark and strange quark having same electric

charges. This is shown in the right panel of Fig. 4. It can be seen that at
each temperature the ratio generally becomes smaller as eB grows, and the
magnitude of change is much smaller compared to the case for χu2/χ

d
2.
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Fig. 4. Left: Ratio of up quark number susceptibility χu2 to down quark number

susceptibility χd2. Right: Ratio of χd2 to strange quark number susceptibility χs2.

Now we look into the fluctuations of conserved charges in the presence

of magnetic field. We show χB
2 (eB)/χB

2 (eB = 0) and χQ
2 (eB)/χQ

2 (eB = 0)
as functions of eB in the left and right panels of Fig. 5, respectively. It can

be observed that both χB
2 and χQ

2 monotonously increase as eB grows at all
four different temperatures. The magnitude of increasing becomes larger at
lower temperatures. At T=140 MeV and in the strongest magnetic field we

simulated χB2 and χQ2 becomes about 75 and 28 times of their corresponding
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Fig. 5. Left: χB
2 divided by its value at eB = 0 as a function of eB. The inset

shows a blow-up plot for eB ∈ [0, 0.6] GeV2. Right: Same as the left panel but for

χQ
2 .

values at eB = 0, respectively. At the highest temperature we have, the
changes induced by the magnetic field is much smaller, i.e. about 3 times for

both χB
2 and χQ

2 . We also show blow-up plots for eB ∈ [0, 0.6] GeV2 as insets
in both panels. This eB region corresponding to 0-12 M2

π(eB = 0) could
be the strength of magnetic field reached at the initial stage of heavy ion

collision experiments [35]. At T=140 MeV we see that χB
2 (χQ

2 ) at eB ≈ 11
M2
π(eB = 0) is about 6 (2) times its value at eB = 0.

In the high temperature (free) limit, most of these quantities χBQSijk di-

vided by eB scales with
√
eB/T . For instance the expression of χB

2 is written
as follows

9π2

4

χB
2

eB
=

1

2
+

√
2eB/3

T

∞∑
l=1

√
l
∞∑
k=1

(−1)k+1k×
[
√

2 ·K1

(
2k
√
eBl/3

T

)

+ K1

(
k
√

2eBl/3

T

)]
, (6)

where l denotes the Landau levels, k is the sum index in Taylor expansion
series and K1 is the modified Bessel function of the second kind. For some
certain ratios, e.g. −3χBS

11 /χ
S
2 is always 1 in the high temperature limit at

both vanishing and nonzero magnetic field.
In the left panel of Fig. 6 we show χB

2 divided by its value in the free

limit as a function of
√
eB/T at four different temperatures. It can be

clearly seen that χB
2 becomes closer to its value in the free limit as eB grows

at all four temperatures. And it can also been observed that a stronger
magnetic field is needed to bring χB2 to its value in the free limit at a lower
temperature. Similar conclusion can be drawn from eB and temperature
dependences of −3χBS11 /χ

S
2 , whose value in the free limit is always 1, in the
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right panel of Fig. 6. The observation from Fig. 6 can be understood as the
magnetic field catalyzes the phase transition.
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Fig. 7. Pressure (left) and energy density (right) contributed from individual

pseudo-scalar mesons obtained from HRG at eB = 0 and eB = 0.21 GeV2 ≈ 4.3

M2
π(eB = 0). Solid lines denote results obtained at eB = 0 while the other lines

represent results obtained at eB ≈ 4.3 M2
π(eB = 0) in both panels. The meson

masses used in the HRG model are obtained from Fig. 2.

At low temperatures the hadron resonance gas (HRG) model is supposed
to give good description of the fluctuations of conserved charges [27,36–38].
In presence of magnetic field the situation becomes more complex as the
hadron spectrum gets modified by the magnetic field [16, 39–41]. Thus to
reproduce the quantities shown in Fig. 5 and Fig. 6 correct hadron mass
spectrum in the magnetic field is needed. Here we rather show the individual
contributions from several pseudo-scalar mesons to the pressure and energy
density in the left and right panels of Fig. 7 at eB = 0 and 0.21 GeV2.
It can be clearly seen that the contribution from π0 always dominates in
particular to the energy density.
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4. Conclusions

The results presented in this proceedings are based on the lattice sim-
ulations of Nf = 2 + 1 QCD with Mπ(eB = 0) = 220 MeV using Highly
Improved Staggered fermions. At zero temperature we find that the Gell-
Mann-Oakes-Renner relation and Ward identity hold true for neutral pions
in strong magnetic fields. The reduction of neutral pion mass thus is consis-
tent with the magnetic catalysis, and the reduction of Tpc in the magnetic
field. The latter consistency is also indicated from the dominance of π0’s
contribution to the energy density in the magnetic field obtained form the
HRG model. We also find that the qB scaling holds true for up and down
quark components of neutral pion mass as well as light quark chiral con-
densates. This suggests that the effects from dynamic quarks in QCD with
Mπ = 220 MeV on the qB scaling are negligible. For the charged pseudo-
scalar meson mass a novel decreasing behavior is observed at eB & 0.6

GeV2. At nonzero temperature the increasing of χB
2 and χQ

2 compared to
their corresponding values at eB = 0 is significant in the presence of mag-
netic field. This could be observed in heavy ion collision experiments if the
strong magnetic field produced in the peripheral collisions lives sufficiently
long. The observation that both χB

2 and −3χBS
11 /χ

S
2 get closer to their free

limit at lower temperatures in the presence of magnetic field is in accord
with the fact that Tpc decreases with eB.
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